We present an analytic study of the dispersion relation for an isotropic, non-degenerate plasma interacting with an axion-like particle through the axion-photon coupling. We aim to provide a general qualitative picture of the electromagnetic oscillations for both the ultra-relativistic and non-relativistic plasmas, taking into account separate parts of the dispersion curves depending on the plasma temperature and the ratio of the phase velocity to the characteristic velocity of the particles. We include the treatment of the Landau damping, which could be responsible for a sympathetic damping of axions in the plasma waves. We show that there are two kinds of electromagnetic oscillations, i.e. normal super-luminous, undamped and sub-luminous, aperiodically damped oscillations.
I. INTRODUCTION
The physics of plasmas finds applications in astrophysics cosmology and laboratory experiments. To some extents, a fraction of the interstellar medium and the intergalactic space, the interior of stars, the solar wind, and accretion discs can be treated using plasma physics, while examples of high-energy density plasmas are the interior of giant planets [1] and white dwarves [2] , the atmosphere of neutron stars [3] , and the interaction of plasmas with petawatt lasers [4, 5] . The presence of a magnetic field sensibly alters the details of plasma oscillations. Plasma oscillations, driven by an external electromagnetic field, were first considered in Refs. [6, 7] . Oscillations in isotropic plasmas show an electrostatic (longitudinal) and electromagnetic (transverse) component, whose dispersion relations has long been derived both when the plasma is nonrelativistic [8] [9] [10] [11] or ultra-relativistic [12] [13] [14] [15] .
The collective motion of density fluctuations in plasmas occurs in quanta known as plasmons [16, 17] , which might couple strongly with an external electromagnetic field to form polaritons [18] . In this article, we consider the interaction of plasmons with an external axion field. The axion [19, 20] is a hypothetical pseudo-scalar particle arising within the solution of the strong CP-problem proposed by Peccei and Quinn [21, 22] . Viable axion models embedded in the Standard Model have long been postulated [23] [24] [25] [26] , and might address the need for a cold dark matter component in the Universe [27] [28] [29] [30] [31] [32] [33] , see also Refs. [34] [35] [36] [37] . Similarly, other AxionLike Particles or ALPs arise copiously in some string theory embedments [38] [39] [40] , possibly leading to a string "axiverse" [41] [42] [43] [44] [45] and to an alternative explanation for the cold dark matter puzzle [46, 47] . Owing to the possible tree-level coupling of the axion with fermions, an effective axion-photon coupling g aγ might arise [48, 49] , leading to a modification of the electrodynamics equations [50, 51] . Several experiments, either proposed or already in operation, aim to scan the possible values of the axion mass window [52] and coupling with photons. Some prominent examples of such experimental searches are ABRACADABRA [53] , ADMX [54] X3 [55] , CULTASK [56] , MADMAX [57] , ORPHEUS [58] , ARIADNE [59] , and IAXO [60] . Other experiments like CASPEr [61] and QUAX [62] deal with the coupling of the axion with the nuclear magnetic moment or with the electron spin, respectively. Laboratory searches are complemented by astrophysical considerations on the cooling time of stellar objects [63] [64] [65] and on the non-detection of gravitational waves from spinning black holes of solar masses [66] [67] [68] .
The interaction of axions with a strong magnetic field has long been considered. Magnetic fields as large as 10 10 T can be obtained in pulsars [69] [70] [71] , while the primordial magnetic field in the early Universe could have exceeded 10
14 T [72, 73] , both values exceeding the Schwinger value B c = m 2 /e = 4.4 × 10 9 T. At the first order in the axion-photon coupling constant g aγ , synchrotron emission of axions has been discussed in relation to neutron star luminosities, both with a tree-level axion-electron coupling [74, 75] and through the mediation of a plasmon [76] . For example, Refs. [77, 78] discuss the emission of axions from a hot plasma, as constrained by the data from the supernova SN1987A. Screening effects in relativistic plasmas have been considered in [79] , while Ref. [80] describes the interaction of the axion field with the primordial plasma modeled as passive resistive medium, showing that the axion energy density is not dissipated by the primordial magnetic field due to the enormous conductivity of the medium. Ref. [81] considered the production of thermal axions. Recently, in [82] , the dynamic backreaction of the action in the plasma is allowed via the Lorentz force, in which the electromagnetic fields are modified by the presence of the axions. This results in a non-resistive, "dielectric" coupling between the axion and the plasmon, which leads to the excitation of a novel quasiparticle, he axion-plasmon polariton.
In the recent years, axions in plasmas have deserved attention in the context of intense lasers. In fact, the next generation of high-power laser facilities is expected to provide conditions to probe QED physics in parameter regimes that are inaccessible to particle colliders [83] . The ELI experiment, for example, will offer the possibility to investigate the effect of the Heiseinberg-Euler vacuum (virtual electron-positon pairs) [83, 84] and the quantum recoil due to radiation emission [85] . The wakefield acceleration paradigm gained much breath as it reveals to be an efficient way to accelerate particles [86] [87] [88] , and recent studies have exploited such wakefields [89] to produce ALPs in the lab [90] [91] [92] [93] . These laser-plasma interaction facilities differ from the setups discussed above, in the sense that axions and ALPs could in principle be produced in situ, with their presence manifesting in the features of the plasma. As such, we expect this novel axionplasmon polariton, the axionon, to pave the stage for a new research branch in the physics of axions and ALPs. The immediate interest in axionons is two-fold: first, axionons can be used as a direct signature of axions in the lab, where the different experiments to be designed in the near future and the corresponding sensitivities can be tuned by changing the density of the electrons in the plasmas. As such, discharge, tokamaks, solid-state and ultra-cold plasmas emerge as potential platforms for axionon experiments; second, axionons can be used to investigate the effects of plasmas in both astrophysical and cosmological phenomena, impacting the common explanations for the CBM problem [94, 95] , the primordial axion abundance problem [63, 96] , and the production of axions in stellar medium [97] [98] [99] .
In the present manuscript, we establish a kinetic theory of axionons. Our approach is based on a phase-space description of the axion-plasmon coupling, going beyond the hydrodynamical treatment presented in [82] . The theoretical framework is based on the Vlasov equation for a relativistic plasma [14, 100] , which is coupled, via the modified Maxwell's equations, to the Klein-Gordon equation describing the axion. Such a theoretical framework is able to capture effects that are not cast by the hydrodynamics formulation, such as wave-wave and wave-particle interaction, and the isentropic damping of the collective plasma oscillations in the presence of hot electrons, the so-called Landau damping [101] . The isentropic, energy conserving nature of the Landau damping is a particular feature of the kinetic formulation, being completely absent in hydrodynamical or single-particle models of plasmas [102, 103] . As such, a theoretical theory of axions in a plasma opens the venue for new phenomena in astrophysical and cosmological scenarios that have so far remained elusive.
This paper is organized as follows. In Sec. II, we introduce the Maxwell−Vlasov−Klein-Gordon system of equations and derive the kinetic dispersion relation in the general case. The statistics of the plasma electrons is used to obtain generic expressions for the real and imaginary parts of the dielectric function. In Sec. III, the dispersion relations of the axion-polariton modes is analytically obtained for both ultra-relativistic and non-relativistic plasmas, and the results are compared with numerical calculations. In Sec. IV, some discussions and conclusions are stated.
II. DERIVING THE AXION-PLASMON DISPERSIONS A. Axion-photon coupling
Whenever the axion couples with electricallycharged fermions, an effective axion-photon coupling g aγ = αξ/2πf a arises through a fermion loop. Here, α is the fine-structure constant, ξ is a model dependent parameter and f a is the axion decay constant. In the case of the QCD axion, the mixing with pions due to the interaction with the gluons leads to the coupling [48, 49] 
where E and N are model-dependent coefficients for the electromagnetic and color anomalies while the mass ratios of the up-down [104] and upstrange [105] quarks are respectively
For example, embedding the QCD axion in Grand Unification Theory (GUT) models with E/N = 8/3 gives
In the following, we show that an axion-plasmon quasiparticle emerges from the effective axionphoton coupling, analogously to a polariton. We call this new excitation mode an axionon. As we will see later on, the key quantity describing the strength of the axion-plasmon coupling in a magnetized plasma is analogous to the Rabi frequency in quantum optics, being given by Ω = √ ω p m B . Here, ω p is the plasma frequency and
stands for the effective axion mass in the plasma, with g 15 = g aγ /10 −15 GeV −1 .
B. Maxwell equations with axion terms
The Lagrangian density describing the electromagnetic field A µ interacting with a Dirac fermion ψ of charge q and mass m e and an axion ϕ of mass m a reads
where
µ is the field strength and F µν its dual. We have introduced the Dirac matrices γ µ and γ 5 . The set of Maxwell's equations coupled to the axion field derived from the Lagrangian density reads [50, 51] 
while the dynamics of the axion field coupled to the electromagnetic field is given by the Klein-Gordon equationφ
The mixing of the axion with the electromagnetic field has been extensively discussed in the literature [82, [106] [107] [108] [109] [110] . In the following, we neglect the coupling of the axion with the fermion field, as we justify later in Appendix A. We assume a constant magnetic field propagating along an axisb, as B = B 0b and v = vb, thus restricting ourselves to electrostatic waves only (i.e. k B). We treat the axion and electric fields as fluctuations. Introducing the Fourier transform of a generic function F (t, x, p) asF
fluctuations in the electric and in the axion fields are described by the Fourier transforms of the Gauss Eq. (6) and the Klein-Gordon Eq. (10),
where we have defined the axion bare dispersion,
By solving this set of equations, one obtains
The Fourier transforms of the Faraday-Maxwell Eq. (9) coupled to the Gauss Eq. (12) gives
where we have used the Ohm law which relates J and E and defines the conductivity σ.
C. Dielectric function
We close the system of Maxwell and Klein-Gordon equations by introducing the phase-space distribution function f λ (t, x, p), where the subscript λ stands for either electrons (e), positrons (p), or ions (i), satisfying the collisionless Boltzmann equation
where F λ is the force acting upon the species λ, ∇ p is the gradient in momentum space, v = p/E λ , the energy is E λ = p 2 + m 2 λ , and p = |p|. In Appendix A we show that, in the case of electrons, particles are subject to the Lorentz force F λ = q λ (E + v × B), so that the dynamics of the the phase-space distribution in Eq. (17) reduces to the Vlasov equation with a negligible electron-axion coupling.
For each species λ, we assume that the distribution fluctuates around an isotropic equilibrium configuration that depends only on p,
with f 1,λ f 0,λ . The quasi-neutrality of the plasma implies that the equilibrium distributions satisfy λ q λ f 0,λ = 0, so that the charge density is given by
Using the expansion of the phase-space density in Eq. (18), and taking the Fourier transform of Eq. (17), we get (20), multiplying by the charge q λ , summing over the various species λ and integrating over the momentum d 3 p gives the expression for the phase space perturbation
where, for m B = 0, the expression to the left-hand side of Eq. (21) coincides with the dielectric function (ω, k) [14, 111] . In deriving Eq. (21), we have assumed that the equilibrium phase-space density depends on the modulus of the momentum p = |p| and not on the direction of the momentum, as stated in the decomposition in Eq. (18) . Note that we have introduced a small imaginary component in the frequency by setting ω → ω + iγ L , with γ L describing the absorption of the electrostatic and axion waves by the plasma, later to be related with the phenomenon of Landau damping. Since the real (r) and imaginary (i) parts of the dielectric function satisfy
where we have neglected higher-order terms. The condition (ω, k) = 0 leads to
We define the rescaled phase-space function F 0 (p)
normalized as
so that the dispersion relation for the dielectric function is written as
In the latter, we have written d 3 p = 2πp 2 dpdy, with y =k ·p. In addition, T is the temperature of the plasma and we have introduced the inverse Debye length
We separate the real and imaginary parts of the complex integral by using the identity
where δ(x) is the delta function. With this prescription, the integral over the angular direction in Eq. (26) reads
where Θ(x) is the Heaviside step function, arising from the range of integration over y. The step function implies that, for ω > kv, the imaginary component of the frequency is zero and the wave is undamped. Damping occurs on scales smaller than v/ω or, when integrating over the momentum, the step function gives a lower integration limit at p = p 0 ≡ m e u 0 , where u 0 = ω/ k 2 − ω 2 . The expressions for the real (r) and imaginary (i) parts of the dielectric function are then
and
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D. Boltzmann distribution
We now specialize Eq. (21) to the case in which the plasma is composed of electrons with a Boltzmann distribution
where K 2 (x) is the modified Bessel function of the second kind for the argument x. For computational purposes, we introduce β = m e /T and q = p/m e so that, since the derivative of the distribution in Eq. (32) satisfy (33) we recast the real component of the dielectric function in Eq. (30) as
The imaginary component, related to the Landau damping, reads
III. RESULTS
A. Ultra-relativistic plasma T me
In the scenario where the electrons are ultrarelativistic, v < ∼ 1, the expression in square brackets in Eq. (34) becomes independent on q and the integral over p can be taken over using the normalization in Eq. (25) , so that we obtain the dielectric function
(37) Results are shown in Fig. 1 , where the frequency ω is plot as a function of the wavenumber k, in units of the inverse Debye length k D in Eq. (27) . In the case m B = 0, corresponding to no axion-photon coupling, the dispersion relation is described by two curves, see the black dashed line in Fig. 1 . The first curve is ω ≈ k, while the second curved is approximated in the region k ω by the relation [14, 15] 
When the wave number k approaches ω, or k < ∼ ω, the second curve approaches the line ω = k as
Matching the two expressions in Eqs. (38) and (39), we find that the two solutions cross at k ≈ 0.77k D .
A non-zero coupling m B provides two effects, namely it hybridizes the axion mode with the plasmon mode, effectively giving rise to a so-called "axionon" mode; moreover, the two dispersion relations obtained repel. In the limit k ω, we obtain the new dispersion relations analytically by expanding the term in squared brackets in Eq. (34) when v = 1 as
so that the solutions to the condition r (ω, k) = 0 on the dielectric function yield to the upper and lower axionon modes [82] 
where ω p = e 2 n 0 /m e is the plasma frequency and Ω = √ ω p m B is the Rabi frequency, describing the strength of the axion-plasmon coupling [82] . The crossing from plasmon to axion behavior occurs when ω p = ω ϕ , corresponding to the wavelength
The upper axionon mode ω U describes the upmost red and blue lines in Fig. 1 . In the case of the nonzero axion-photon coupling, the region k < ∼ ω is defined by the dispersion relation
(43) Finally in the region ω ≈ k damping is effective, so that the condition (ω, k) = 0 gives
Notice that, when m a m B , Eq. (44) contains a suppression factor (m a /m B )
2 with respect to the usual results obtained in Ref. [13] , so that the results obtained for the emission of axions in supernovae cores mediated by a plasmon [76] would be suppressed by the same quantity in this regime.
We compute the Landau damping γ L defined in Eq. (23) . For this, we use the expressions
together with the expression for the imaginary component of the dielectric function in Eq. (36),
4 ln
where u 0 = ω/ k 2 − ω 2 . The last expression is valid when β u 0 , which is justified both because we are working in the ultra-relativistic limit β 1 and because we are interested in the region k ≈ ω where u 0 1. Finally, we recover the damping rate
where k 0 has been defined in Eq. (44).
B. Non-relativistic plasma T me
The non-relativistic case β 1 has been extensively treated in Ref. [82] . In this Section, we show how to derive the same results from the kinetic theory we discussed. In the non-relativistic regime, for which β e
2 /2 , the term in square brackets in Eq. (34) for modes for which the phase velocity ω/k is much larger than the average velocity describing the motion of the electrons in the plasma v can be approximated as
In this approximation, the dispersion relation describing the upper-and lower-polariton modes reads This latter expression matches the results obtained in Ref. [82] using the continuity and Navier-Stokes equations (respectively the zeroth and second moment of the Vlasov equation). In the absence of a photon-axion interaction, the two dispersion relations are ω 2 = ω 2 p and ω 2 = m 2 a + k 2 , corresponding respectively to the plasmon and axion modes. The Rabi frequency of the system Ω = √ ω p m B describes two distinct effects, namely the mixing of the axion and plasmon modes and the repulsion between the upper and lower axionon modes. For both the upper and lower modes, the crossing from plasmon to axion behavior occurs when ω p = ω φ , corresponding to the wavelength [82] 
IV. SUMMARY
We have derived the dispersion equations for the oscillations of a magnetized plasmas in the absence of collisions within the kinetic theory of a coherent superposition of axions and plasmons, dubbed here as axionons. The framework consists in the phase-space description of plasmas coupled to the axion field via the axion-photon term. In more detail, we construct a Vlasov−Maxwell−Klein-Gordon system capturing the key aspects of both relativistic and non-relativistic plasmas, namely wave-wave and wave-particle interactions, as well as the full relativistic nature of the axion field. In that regard, we substantially extend the focus of Ref. [82] , thus paving the stage for a whole new set of applications. To illustrate some features of our kinetic theory, we have analytically obtained the axionon dispersion relation for both the ultra-relativistic and non-relativistic plasmas, showing how the plasmonaxion interaction in the presence of a magnetic field modifies the plasma physics relations.
We have shown that Landau damping takes place in hot plasmas for some values of the plasma frequency, making possible for the axions to be kinematically damped in some situations of physical relevance. This latter, novel feature is worthy to be investigated in the context of astrophysical and cosmological plasmas, with potential to complement the literature on the mechanisms of axion production and suppression in dense and dilute plasmas. Moreover, we motivate novel experimental schemes to detect axions in laboratory plasmas in an active way, i.e. based on mechanisms where the axion is actually produced within the plasma, therefore complementing the running experiments based on telescopes and cavities, planned to detect axions produced at the interior of stars or in the primordial universe. In this Section, we show under which conditions it is possible to neglect the axion-electron coupling for an electron in the presence of a magnetic field. Starting from the Lagrangian in Eq. (5) where the coupling g ae = C e m a /f a , for a modeldependent factor C e of order one. We concentrate on the non-relativistic case and we derive the expression analogous for the Pauli equation in the presence of the axion-electron coupling, writing the wavefunction in terms of the large and small bi-spinor components as ψ(x, t) = e −imet (χ(x, t), Φ(x, t)), where the time dependence of the bi-spinors occurs at scales larger than 1/m e . In the Dirac representation, we have iχ = −qA 0 χ−ig ae ϕΦ+iσ·∇Φ+qσ·AΦ, 
Substituting this last expression for Φ into Eq. (A2) and rearranging terms gives the Schrödinger equation in the presence of the axion-electron coupling, iχ = −qA 0 χ− 1 2m e (∇ − iqA) 2 χ− σ 2m e ·(qB + g ae ∇ϕ) χ.
(A5) The term g ae ∇ϕ ∼ m a /L, where L is the length over which the axion field varies, can be ignored with respect to eB 0 as long as L > ∼ L crit ≡ 1 fm
For typical values of the magnetic field, L crit is much smaller than the axion de Broglie wavelength λ ≈ 200 m, for an axion mass m a = 1 µeV and a velocity v = 10 −3 c.
